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Abstract

Given the category of ordered Stone spaces (as introduced by Priestley)
and the cateogry of coherent spaces (= spectral spaces) we can construct a
pair of functors

B
CohSp — OStoneSp
C

between the categories. Priestley [Pri70] has shown, assuming the prime ideal
theorem, that these define an equivalence. In this paper we define ordered
Stone locales. These are classically just the ordered Stone spaces. It is well
known that the localic analogue for the coherent spaces is the category of co-
herent locales. We prove, entirely constructively, that the category of coherent
locales is equivalent to the category of ordered Stone locales.

1 Introduction

The objective of this paper is to give an entirely constructive version of a
proof of Priestley’s duality:

OStoneSp=~CohSp

where OStoneSp is the category of ordered Stone space and CohSp are
the coherent (or spectral) spaces. It seems odd to use the word ‘duality’ but
we are simply assuming that the reader is familiar with the duality

CohSp= Dlat°P

and so we are viewing Priestley’s duality as an extension of this well known
(Stone) duality.
Tt is easy to construct functors between the category OStoneSp and CohSp.
Proving them to be equivalent strictly requires the prime ideal theorem. We
shall not repeat Priestley’s proof here, but we will outline how an assumption
of its conclusion implies PIT.

It would therefore appear futile to try to prove a constructive version of
this theorem. Hence we work with locales instead of spaces and find that the
localic analogue of the result is constructively valid. i.e. valid in any topos.

Classically we will see that the category of ordered Stone locales is equiva-
lent to the category of ordered Stone spaces. The localic analogue of a coher-
ent space is just a coherent locale and the classical fact that the localic and
spatial analogues are equivalent is just another way of looking at Stone duality.

The main part of this work is an entirely constructive proof that the cate-
gory of ordered Stone locales is equivalent to the category of coherent locales.
By ‘entirely constructive’ we simply mean that no use is made of the excluded



middle or PIT. We mean Kuratowski finite when we use the word finite. Al-
though an intuitive idea of what finite means should see the reader through it
is worth noting that, informally, a Kuratowski finite set is any set for which
there exists a finite listing of the elements. Since in this constructive context
inequality is not necessarily decidable we allow repititions in our list.

The proof that ordered Stone locales are equivalent to coherent locales is
not entirely straight forward. For a start it is not immediately obvious what
a localic poset should be since the transitive rule

<y, y<z = x<z

cannot be easily expressed as a fact about locales since it refers to points.
Another way of stating this transitive rule is

() () € (=)

where ; is relational composition. There is no clear way of defining rela-
tional composition of arbitary localic relations (=sublocales of binary products
of locales), however we find that we can define relational composition on closed
relations of compact regular locales. Once the preframe definition of the frame
of opens of a product locale is understood we are able to define a formula for
such a relational composition, and it is this formula that allows us to define
what a localic poset is (provided the locale is compact regular and the relation
is closed) and allows us to prove the equivalence of ordered Stone locales and
coherent locales.

2 Priestley Duality

This section is an attempt to explain the background problem rather than a
piece of self contained mathematical expostion. Consult Section II 4.5 - 4.9 of
Stone Spaces [Joh82] for the more detailed account upon which this exposition
is based.

An ordered Stone space is a compact topological poset which is totally
order seperated. i.e. if z £ y then 3 a clopen set U such that T U = U and
z €U and y € U. So if x # y then they are seperated by some clopen. This
means that the space is compact and totally seperated. Hence it is Stone.
If it is Stone then it is compact Hausdorff and so a subset is closed iff it is
compact. Hence a subset is clopen if and only if it is compact open. Notice
that totally order seperated implies that < is a closed subset of X x X. And
so we see that

Lemma 2.1 If (X, <) is a compact topological poset then it is an ordered
Stone space if and only if X is Stone, < is closed and
Z£=U{U®U®| 1 U =U,U compact open.} O

We now turn to Priestley duality and define
B:CohSp — OStoneSp
(X,Q) — (X, ‘patch’, <)
where the ‘patch’ topology is based by
{UNV®|U,V compact opens of Q}
and < is the specialization order on (X, ). It can be shown that

Lemma 2.2 The set of compact opens of ‘patch’ forms the free Boolean al-
gebra on the distributive lattice of compact opens of X. O



In the other direction we have

C : OStoneSp — CohSp
(X,0,5) — (X {UIUeQ,1U=U})

Lemma 2.3 {U|U € Q,1U = U} = IdI{U|U € Q,1 U = U}. ( IdlA is the
set of directed subsets of A.) i.e. C(X,Q <) is coherent.

In section IT 4.9 of Stone Spaces [Joh82] Johnstone shows how an assump-
tion that BC defines an equivalence allows us to conclude the PIT.

Let us assume that ,C define an equivalence. We see straight away that
if a coherent space is T1 (i.e. if the specialization order < is equality) then
it is Stone. But Tiness can equivalently be defined as saying that all points
are closed. For any distributive lattice A the points of the associated coherent
space are the prime ideals and the closed points are the maximal ideals. Hence
the statment of Tiness is equivalent to the statement that the maximal and
prime ideals coincide. But assuming B, C define an equivalence we know that
a coherent space is 71 if and only if it is Stone. Hence:

Lemma 2.4 (Nac49) A distributive lattice is Boolean if and only if all its
prime ideals are maximal. O

To see that this lemma implies PIT is not immediately obvious. It certainly
proves that any non-Boolean distributive lattice has a prime ideal. But any
non-trivial Boolean can be embedded into a non-trivial non-Boolean distribu-
tive lattice and so we have PIT. To see how to construct such an embedding
consult Exercise I 4.8 of Stone Spaces ([Joh82]).

3 Ordered Stone Locales

If X is a locale we write QX for the corresponding frame of opens. If
f: X — Y is a locale map then Qf : QY — QX is the corresponding
frame homomorphism. If Y — X is a closed sublocale of X then Y = —a
for some a € 2X. a is referred to as the open corresponding to the closed
sublocale Y.

We want to look at localic posets. i.e. pairs (X, <) where X is a locale
and < is some sublocale of X x X. In view of the definition of ordered Stone
space we will be restricting to the case where < is closed. We also want < to
be a partial order. Clearly reflexivety is the statement that the diagonal (A)
is less than < in the poset of sublocales of X x X (=Sub(X x X)). It is well
known that Sub(X x X) has finite meets and so the anti-symmetry axiom for
< is just

() A (2) <subexxxy A

where > is the composition of < with the twist isomorphism of X x X.
Finally we have the problem of transitivety. As pointed out in the introduction
we can write the transitivety axiom as

() () < ()

where ; is relational composition. Also note that we only need to define
relational composition on closed relations of compact regular locales. This is
because Stone locales are compact regular and we are only examining closed
relations. We leave aside till section 4 the definition of such a relational com-
position except to note that since the compact regular locales form a regular
category we know that such a relational composition can be defined.



We want to define OStonelLoc, the category of ordered Stone locales.
Given lemma 2.1 we clearly need to find a localic analog to the condition “a
is upper closed” where a is some open of a Stone locale X. But an open set is
upper closed iff its complement is lower closed. So we use the condition “—a
is lower closed” to replace the spatial intuition “a upper closed”. Once we
have relational composition we can define what “—a lower closed” means: it

is simply the statement

(2); (ma) < (a) )

where ; is relational composition of closed sublocales. (The reader who
is worried about the fact that —a — X is not a relation should note that
X =2 X x 1 and so —a can be viewed as a relation on X x 1.) The spatial
intuition behind lower closure should then suffice to convince us that (*) does
define what it means for a sublocale to be lower closed.

Definition:(cf lemma (2.1)) (X, <) is an ordered Stone locale iff X is a
Stone locale, i.e. QX = IdIKQX where KQX (= the set of compact opens
of QX)) is Boolean, and < is a closed partial order on X such that

a< = V{a® —ala € KQX, | —a=a}

Where || —a =<; —a.

We also want to define
C : OStoneLoc — CohSp
and it should be clear from lemma 2.3 that the choice for C will be
QCX = Idl{ala € KX, | —a = —a}

Clearly we would like a formula for relational composition.

4 Relational Composition

A preframe is a poset with finite meets and directed joins such that the di-
rected joins distribute over the finite meets. It is known ([JV91]) that the
category of preframes has a tensor and that the preframe tensor of two frames
gives their coproduct. So if X,Y are two locales then

QX XY)=QX ®QY

where ® is preframe tensor. A typical generator of this tensor is written
aOb (a € NX,beQY).
Some spatial intuition behind this result can be found in the following: if X,Y
are topological spaces and if for U open in X and V open in Y we define

UOV ={(z,y)lr e Uorye V}.

Then the least subpreframe of P(X X Y) which contains all these sets is
the product topology on X x Y.
We continue with our spatial intuition. Say X,Y,Z are spaces andR1 C
X xXY,Ry, CY x Z are both closed. So Rij = —I;j where — is set complement
and the [i’s are open.
We want R1; Rz to be closed and so to define ; all we need define is some
function

x: QX XY)x QY xZ) - QUX x Z)

such that Ry; R» = — x (I1,12). Given the above facts about preframe
tensors it should be clear that we only need be concerned with the cases

I, =U:.01 I = V200,



We know (z,z) € Ri; Ry iff 3y zRi1y yRoz. Hence (z,2) € x(I1, [5) iff
Vy —(zR1y) V —(yR2z). (We are only looking at the spatial case in order to
justify the choice of formula to follow and so we are at liberty to use excluded
middle.) Hence

(x,2) € (I, I2) & VYy((z,y) € )V ((y,2) € I2)
& VYylreUiVyeVivye W Vze W)
& (zelhivzeW2))VY CWViUV:2

= (93,2) e U1OWLvVY CViUV,
Say now R1 — X X Y, R2 — Y X Z are close sublocales. Define
R1; Rz = = % (aRr, , GR;)

where ar; is the open corresponding to the closed sublocale R;j and * :
AUX xY)x QY x Z) — Q(X x Z) is defined on generators as

*(alObl, szCz) =a10c V Q'(l <b1V bz)

where ! is the unique locale map ! : X — 1, and we are viewing (1 < a) as
an element of ).
Infact we need to factor * throught *:

*x: QX R OV — QXeQZ
a0ObOc +—  aOcV Ql(1 < b)

since to make sure that we are defining a function we need to define it on all
generators of some tensor. We need to check that * is well defined. i.e. that

(a,b,¢) — aOcV Q1 < b)

is a preframe trihomomorphism. This follows from the compactness of
QY. Then take %(I1,I2) = *(]1;, 11 V1,5 I2) where the [[’s are frame copro-
jections.

Given a closed sublocale —a — X and some relation <»— X x X then we
can find a formula for |} —a. Assuming <= —bOc then

J—a==-(bVval(l<cVa))

It is not immediate that even if < is reflexive that —a <{} —a. This will be
the case once we are sure that the diagonal is closed. For if A : X — X x X is
closed then it can be checked that it is the identity with respect to relational
composition. To see this recall that A = —# where

# = \/"{Ai(aiObi)| Aier (ai V bi) = 0 I finite} (1)
But we are working with Stone locales. These are compact regular and so
have closed diagonals. (Proposition III 1.3 of Stone Spaces [Joh82].)
Of course we are more familiar with the fact:
#=V{a®blaAb=0}

and so one needs to translate this to its ‘preframe version’ (!!). In the next
section we need the ‘preframe version’ of the ordered Stone locale condtion
a< = V{a® —ala € KQX, | —a = a}, this is

a< = \/T{/\i(aiOﬁbi)| Nier (ai V—bi) =0 ai,bi € KQX, | —ai = ai,
U,ﬁbi = ﬁbhl ﬁnlte}



5 Localic Priestly Duality

Given lemma (2.2) it is clear that the localic part of
B : CohLoc — OStonelLoc

should be the Stone locale whose frame of opens is the ideal completion of
the free Boolean algebra on the distributive lattice of compact opens of the
domain locale. So
BX = (BX,<sx)

where QBX = IdlBx where Bx is the free Boolean algebra on the dis-
tributive lattice KQX. Note that there is a distributive lattice inclusion of
KQX into Bx which induces a locale map Ix : BX — X. Since Bx is the
free Boolean algebra on KX we can prove that Ix is monic.
We define <px by

AU(<px) = \/T{/\i(aiOﬂbi)| Niel (ai \J ﬂbi) =0 ai,bic KOX 1 ﬁnite}

Notice that a(< ;) < # and so

A <subx xx) (<Bx)-
Hence <px is reflexive. Antisymmetry for <gx can also be checked, but
the proof is slightly more involved:
Lemma 5.1 <gx is antisymmetric.

(P1,p2)
Proof: We need to prove that (<px) A (>Bx) PP BX x BX is the

diagonal. We may conclude this provided we check that its right hand projec-
tion is equal to its left hand projection. i.e. p1 = p2. As a statement about
frames this reads

Q(m1)(I)Va< Vas =Qm)(I)Va<Va> VI € IdlBx

But we only need worry about compact Is. i.e. we may assume [ =
a € Bx. In such a case Qml = a00, Qm2l = 00a. Finally note that
we may further restrict to the case that a € KQX. This is because Ix is a
monomorphism.
Hence we need

aO0Va<Va>=00aVa<Va> VaeKQX

Before proof note that for any a € KQX since (a VO0) A (0V —a) =0 we
have that

a< = a< V[(aO0) A (00—a)] (I)
a> = a>V[(=a00) A (00a)] (I1)

Hence for any a € KQX

aO0Va<Va> = a<V[a>V(-a00)V (aO0)] A la> V (aOa)]] by (II)
= a<Vax>V(aOa)
00aVa<Va> = a>V]a<V (aOa)]Aa<V (00-a)V (00a)]] by (1)

= a<Va>V(aOa) 0

Once the following lemma is checked then it is easy to see that not only
will <(sx) satisfy the ordered Stone locale condition but also for any coherent
locale X we have CBX = X:

Lemma 5.2 If Bx is the free Boolean algebra on the distributive lattice of
compact opens KQX of some coherent locale X and if |} is the lower closure
operation on closed sublocales induced by the order <zx then for any a € Bx
we have

a € KQX if and only if | —a = —a



Proof: Since <px is reflexive all we need to show is Va € Bx
l-a<-a & a€KQX

Now

ac< sy = VA (@iO=bi)| Aier (ai V=bi) =0 ai,bi € KQX I finite}

and so

b =a ==V {Ailai VA < aV=b))| Aier (ai V —bi) =0,
ai,bi € KQX I finite})

Hence if a € KQX take I = {1,2} and

a =a by =1

a> =0 b, = —a

to see that || —a < —a.

Conversely say || ma < —a. Then
a< \/T Ni(ai VU1 < aV -bi)

where the join is over finite collections of ai, bis in KQX such Aj(aiV—bi) =
0. But a is a compact open and so 3 a finite set I such that

Aier(ai V —bi) =0
and
a<aiVQ1<aV b Viel
and the ai, bis are all in KQX. However it can be seen that
ai VL <aVv-bi)=\V({a}U{lll <aVv-b})
and so, using compactness of a again, we find that there are finite sets
Ji,J2 C I with I = JiUJ2a suchthata <ai Vie Jiand1l <aV-bi Vi€ Jo.
ie.
a < Aieayai and Vies,bi < a
The finite distributivety law allows us to prove
Ai(ai V =bi) = V[(Aiekyai) A (Aieky=0i)] (1)

where the join is over all pairs K1, K2 C I such that K1, K> are finite and
I = K; UK>. Hence

(Nieaiai) A (Niea,—bi) =0
ie.  Aieiai < Viesybi

Hence a = Ajeg,ai € KQX. O

Lemma 5.3 <px is transitive.

Proof: To prove transitivity of <szx it is clearly sufficient to show that
for any finite collection of ai,bis in KQX with Aj(ai V —bi) = 0 we have

Ai(aiO=bi) < \/T Adt, 1)[(@0-bi) V Q1 < ai V —by)]

where the join is over all finite collections (@7, b7 )ier of elements of KQX
such that Aj(a; Vv —by) =0
But —ai is lower closed by the last lemma since aij € KX and so

ai = V' Ag(aq vV QU1 < ai V b))



and since \/! and finite meets commute in the theory of preframes (and O
commutes with \/T and finite meets in the appropriate way) we see that

Ai(@i0=bi) = VT Aan ((@O-bi) VQI(1 <ai Vb)) O
So finally all we do is check that BC(Y) @Y for all Y € OStoneLoc. We
know that there is a distributive lattice inclusion,
{a € KQY| | —~a = —a} — KQY

but is it universal? If we can show this then the fact that for any ordered
Stone locale (Y, <y ) we have

a<, =V {A@O=bi)| Ai (ai V=bi) =0, ai,bi €
KQY | —ai = —ai, | -bi = —bi}
allows us to conclude
<y =<pBe() -

Thus we will be finished provided we can check the universality of the
above inclusion. Assume a diagram

KC(Y) —» KQY

o
;
B

where f is a distributive lattice homomorphism and B is a Boolean algebra.
Say a € KQY and we have found two finite sets of elements {ai,bili € I} ,
{@3, bi|i € I} such that Ai(ai V —bi) = a = Aj(a7 Vv —b7). (Where the ai, bi, aj, by’s
are in {a € KQY| | ~a = —a}). We want to check,

Lemma 5.4 Ai(fai V —fbi) = Aj(faq V —fb)

(For then it will be ‘safe’ to define ¢(a) = Ai(faiV—fbi) for any {ai, bi|i € I}C
KC(Y) such that a = Ai(ai V —bi) ~
Proof: To conclude that Ai(fai V =fbi) < Aj(fa;j vV —fb;) we need to prove
that for every 7 and for every pair Ji, J» C I with I C J; U J> we have
(Nieasfai) A (Aiea,~fbi) < (faq V = fby)

To see this apply the finite distributivety law (!) of lemma 5.2 to the meet
Ai(fai V —fbi). But the last inequality can be manipulated to

F((Niearai AB7) V Vieabi) < f((@i Ab7) V (Vieaybi))
and the fact that (Aicajai Ab7) V Vies,bi < (a7 A by) V (Viea,bi) follows
from exactly the same manipulations applied to the assumption
Ai(ai V =bi) < Aj(ag Vv —b7) O
It also follows (given the assumption that Va € KQY 3 ai,bili € I} C
KCY s.t. Ai(ai V —bi) = a) that ¢ will be a (necessarily unique) Boolean
homomorphism. [ For if a = Ajer(ai V —bi) and @ = Ajei(ai V —bi) =
aAa= Nyil(ai VvV -bi). So
dplana) = MNui(fai V-fbi)
[Nier(fai V = f0i)] A [Niei (fai V —fbi)]
¢(a) A ¢(a)

Similarly for V ]
We also have the following Boolean algebra lemma:



Lemma 5.5 If I, T are finite sets and {ai, bi|i € T} and {aj, b5|¢ € I} are sets
of elements of some Boolean algebra B, and Ai(ai V —bi) = 0, Aj(a; vV —b7) = 0.
Then for any J1,J. C I x I such that I x I C J1 U J> we have

AGDear (@i V =b7) < Vides, (—ai A bi)

Proof: The conditions imply:
[Aai vV =bi)] V [A(@ V =b7)] =0
= Aaperxilai V—bi Vag Vb =0
= Vixicau[(Adheas (@i Vb)) A (AdHea, (@ V —bi))] =0
= (Aaess(@i V-by)) A (AGes, @V —bi)) =0
The result follows since

=(A(@g V —bi)) = V(~az A bi)

We can now prove our assumption:

Theorem 5.1 If (Y, <) is an ordered Stone locale and a € KQY then a =
Aiet (ai V —bi) for some finite I with ai,bi € KQY and | —ai = —ai,
U, ﬁbi = ﬁbi_

Proof: Clearly the anti-symmetry axiom must now come into play. This
axiom states that

() A (Z) <subpxxx) A
which as a statment about opens of Q(X x X) reads:
a<Va>>#
But a = *(#, a) since —# is the identity for relational composition. Thus
a<(a<Vas)*a )
From our axioms used to define ‘ordered Stone locale’ we know,

a< = V{Ai(@iO=bi)| Ai (ai V=bi) =0 ai,bi € KQY | —ai = —ai
U —bi :—\bi}

Symmetrically

a> = VI{A{(=b;0a)| A7 (@i v —by) =0 @y, by € KQY | —az = ~a3
U b = b7}

Thus a< V a> is a directed union of elements of the form
[Ai(@iO=bi)] V [A7(=b70a7)]
Agnerxil(@iO=bi) v (-b;0a7)]
= Adaperxil(ai Vb)O(=bi v a7)]

Since a is compact and (=) * a preserves directed joins and finite meets we see
from (I) that

a < Agiyerxi(((ai vV —b7)O(=bi V @) * a)



for some {ai,bili € I},{aj, bili € I} such that Ai(ai V =bi) = 0, Af(—b7 Vv
af) =0 and | —ai = —ai, | -bi = ~bi, || a5 = —ay, | by = -b;. Now
[(as V ~B)O(~bi V @7)]  a
(@i vV —b7) VYL < —bi Va7 Va)
VI{ai v =b7} U {1]bi A a7 < a}]

We see from the compactness of a that there are two finite sets Ji, J2, C I x T
such that

Ix1T C J1UJo

and
a < Agiyea, (ai V —by)
Viinea, (@i Abi) <a

But by the last lemma
Adiyeas (@i V =b7) < Vaiyea, (0ai A bi)

and so a = /\(i,f)eJl(ai \% ﬁB?) o

6 Morphisms and final remarks

Clearly some spatial intuitions have been lost in this exposition in an attempt
to prove the result as quickly as possible. Foremost we have not given any
justification for the choice of <px other than “it works”. Infact <px is the
pullback of the specialization order along Ix X Ix. Antisymmetry of <px thn
follows immediately since Ix is monic and meets are pullback stable.

We say f : (X <x) — (¥,<v) is an ordered Stone locale map iff it
“preserves order”. i.e. if and only if In :<x —<vy such that

x — <y

X
Xfo—]:YxY

commutes.

However for this definition to fit in with the algebra of the paper we need to
translate it. We find that f : (X <x) — (Y, <v) is an ordered Stone locale
map if and only if (it is a locale map from X to Y and)

Qf I (a) <I°° Qf(a) Va € QY

where |J°P is lower closure viewed as an operation on the corresponding
opens. i.e. | ma=-%a Va.

For further information about this work consult [Tow96].
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